Abstract. The slowly converging series P ∞ k=3 1/[k log k(log log k) α ] is evaluated to ≈ 38.4067680928 at α = 2. After some initial terms, the infinite tail of the sum is replaced by the integral of the associated interpolating function, which is available in simple analytic form. Biases that originate from the difference between the smooth area under the function and the corresponding Riemann sum are corrected by standard means. The cases α = 3 and α = 4 are computed in the same manner.
Aim and Scope
We aim at a precise numerical evaluation of the series limit of (1) C ≡ ∞ k=3 1 k log k(log log k) 2 , which has been estimated at C ≈ 38.43 in the CRC tables [9, p. 42] . The presence of the square of the double logarithm in the denominator is just sufficient to achieve convergence; direct numerical summation is a futile strategy to estimate the series limit. This work addresses how the family of closely related Definition 1.
is calculated by other-yet standard-methods of numerical analysis for α = 2 to α = 4.
2. Numerical strategy 2.1. Romberg Integration. Some initial terms up to k = N are summed directly. Fig. 1 demonstrates the methodology for all larger indices: Starting at k = N + 1, this could be made precise by adding the areas of the rectangular boxes, but they are substituted by the area I N under the interpolating smooth function. In consequence, a curvature correction is needed since the areas added and omitted by this integral at the top of each box-dotted areas in the inset illustrating the case of one of these-are of different size. 
Proof. This follows from the substitution
Remark 1. The Cauchy-Maclaurin integral test plus the finiteness of this integral proof the convergence of (2).
Remark 2. (3) estimates that an absolute accuracy of ∆C
The half-infinite interval is cut into abscissa sections of unit width centered at integer k,
The curvature correction is estimated through a Taylor series expansion around the mid-point x = k in each unit interval,
The integrals over terms with odd powers of (x − k) do not contribute due to the symmetry of the limits; only terms ∝ (x − k) 2s remain, 
The first N terms of (2) are summed as they stand, and the terms from N + 1 on are rephrased according to (11),
The derivatives d 2s /dx 2s share a common format, which suggests the notational shortcut 
The (1, 1, α) = 2g(3, 1, α) + 3g(3, 2, α) + 3αg(3, 2, 1 + α) + 2g(3, 3, α The properties of (13) for different switch-over values N are illustrated in Table  1 . Its column C (α) is the value of (13) after replacing the infinite upper limit in 
Here,
is a sum over all ordered partitions (compositions) of s that accumulate the different paths of insertions of curvatures. We first note that the factor 1/2 2s on the left Table 1 . Convergence of (13) at α = 2.
Nk C 
Numerical examples are shown in Table 2 as a function of an upper limitŝ introduced to the s-sum in (17).
Summary
The series limits of (2) are C (2) ≈ 38.40676809282179, C (3) ≈ 372.80449187938288, and C (4) ≈ 3898.68733845534376. 
